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Abstract 

A signless Laplacian eigenvalue of a graph G is called a main sign- 
less Laplacian eigenvalue if it has an eigenvector the sum of whose 
entries is not equal to zero. In this paper, we first give the necessary 
and sufficient conditions for a graph with one main signless Laplacian 
eigenvalue or two main signless Laplacian eigenvalues, and then char- 
acterize the trees and unicyclic graphs with exactly two main signless 
Laplacian eigenvalues, respectively. 

Keywords: Signless Laplacian eigenvalue; main eigenvalue; tree; 
unicyclic graph. 



1 Introduction 

Let M be a square matrix of order n, an eigenvalue A of M is said to be 
a main eigenvalue if the eigenspace e(X) of A is not orthogonal to the all-1 
vector j, i.e., it has an eigenvector the sum of whose entries is not equal to 
zero. An eigenvector x is a main eigenvector if x T j ^ 0. Specially, if M = A 
is the (0, l)-adjacency matrix of a graph G, then the main eigenvalues of A are 



*This work was supported by Hunan Provincial Natural Science Foundation of China 
(09JJ6009) and the Program for Science and Technology Innovative Research Team in 
Higher Educational Institution of Hunan Province. 

t Corresponding author: hydeng@hunnu.edu.cn. 



1 



said to be main eigenvalues of G. A graph with exactly one main eigenvalue 
is regular. Cvetkovic [TJ proposed the problem of characterizing graphs with 
exactly k main eigenvalues, k > 1. Hagos [3] gave a characterization of graphs 
with exactly two main eigenvalues. Recently, Hou and Zhou [I] characterized 
the tree with exactly two main eigenvalues. Hou and Tian jS] determined 
all connected unicyclic graphs with exactly two main eigenvalues. Zhu and 
Hu [6] characterized all connected bicyclic graphs with exactly two main 
eigenvalues. Rowlinson [7] surveyed results relating main eigenvalues and 
main angles to the structure of a graph, and discussed graphs with just two 
main eigenvalues in the context of measures of irregularity and in the context 
of harmonic graphs. 

In this paper, we assume that G is a simple connected graph, and will 
consider the main eigenvalues of the signless Laplacian matrix Q of G, where 
Q = D + A and D is the diagonal matrix of vertex degrees. The main eigen- 
values of Q is said to be the main signless Laplacian eigenvalues of G. The 
signless Laplacian appears very rarely in published papers before 2003. Re- 
cently the signless Laplacian has attracted the attention of researchers, see, 
e.g. [H] [H] PS] [EE] [12] ■ Here, we will give the necessary and sufficient con- 
ditions for a graph with one main signless Laplacian eigenvalue or two main 
signless Laplacian eigenvalues, and then characterize the trees and unicyclic 
graphs with exactly two main signless Laplacian eigenvalues, respectively. 

2 The graphs with one or two main signless 
Laplacian eigenvalues 

In this section, we will show that a graph with exactly one main signless 
Laplacian eigenvalue is regular, and give a characterization of graphs with 
exactly two main signless Laplacian eigenvalues. 
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Note that if G is a simple connected graph with signless Laplacian matrix 
Q, then there is an eigenvector x > of the largest eigenvalue Hi of Q such 
that Qx = |LtiX, and x T j ^ by the Perron-Frobenius theorem. This shows 
that the largest eigenvalue Hi of Q is a main signless Laplacian eigenvalue. 
So, G has at least one main signless Laplacian eigenvalue. 

The following result gives a characterization of graphs with exactly one 
main signless Laplacian eigenvalue. 

Theorem 1. A graph G with exactly one main signless Laplacian eigen- 
value if and only if G is regular. 

Proof. If G is A;- regular, then Qj = 2kj. This shows that fii = 2k is an 
eigenvalue of Q with an eigenvector j. Since Q is a non- negative irreducible 
symmetric matrix, /i X = 2k is the largest eigenvalue of Q with the multiplicity 
1 by the Perron-Frobenius theorem. And the eigenvectors of other eigenvalues 
of Q are orthogonal with j. So, Q has exactly one main eigenvalue. 

If G has exactly one main signless Laplacian eigenvalue, then the largest 
eigenvalue fj,i is the unique main eigenvalue of Q. Let £ be a eigenvector of 
fj,i, Vi = e(fj,i) the eigenspace of Hi, then Vi is the space spanning by £. 
If V 2 is the space spanning by eigenvectors of all eigenvalues of Q different 
from and V 3 is the space spanning by j, then dim{y 2 ) = n — 1 and 
dim(V 3 ) = 1. Since Q is a real symmetric matrix, Vi is the orthogonal 
complement of V 2 . And V 3 is also the orthogonal complement of V 2 since 
/ii is the unique main eigenvalue of Q. So, Vi = V 3 , and C, = «j for some 
real a / 0. From = f/,i£, the row sums of Q are equal, and G is regular. 
□ 

Now, we discuss the characterization of graphs with exactly two main 
signless Laplacian eigenvalues. 

For any positive semi-definite matrix M of order n, all its eigenvalues 
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are non-negative. Let pii > /j, 2 > • • • > A*r be the eigenvalues of M with 
multiplicities ni,ri2,--- , n r , respectively, where rii + 712 + • • • + n r = n. 
{dii Ci2> • " " ^ is a standard and orthogonal basis of the eigenspace £(//,), 
i — 1)2, • • • , r. And P = [£ n , • • • , £i ni ,£ 2 i, • • • ,&n 2 , ' ' ' >£h, • • • ^™J, P = 
[0,...,6i,...,6n l? 0,...,0],j = [l,l,...,l] T , then 



P T MP 



xn 2 



Let 



V 







\ 


l^r^n r Xn T J 



\ 



L riiXni 



0/ 



Qi = PEiP T , then 



and M has the spectral decomposition 



= A*l<5l + ^2^2 H h fJ>rQr 



(1) 



where 

i^j 

Qi i = j 

And, for any polynomial f(x) = a x n + a\X n ~ x + 



QiQj 



+ a n _ x x + a n , 



f(M) = a (M) n + ai(M) n ~ l + ... + a n _ x M + a n I 

r r r r 

= a ^2 ViQi + °1 ^2 VT^Qi H 1" a «~l ^2 ^ i + a n^2Qi 



i=l 



i=l 



i=l 



i=l 



(2) 
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Lemma 2. Let fii, fi 2 , . . ., jUt (1 < t < r) be the main eigenvalues 
of a positive semi-definite matrix M of order n, and m(x) = (x — fii)(x — 
fjL 2 )---(x- fit), then 

(i) m(M)j = 0; 

(ii) If f(x) is a polynomial with real coefficients and /(M)j = 0, then 
m(x)|/(x). 

r r 

Proof, (i) From (2), we know that m(M) = Y m(/j,i)Qi = Yl m (l 1 i)Qi- 

1=1 i=t+l 

And 

r 

m(M)j = m(fii)Qa 

i=t+l 

Since /Xt+i, • • • , /U r are not the main eigenvalues of M, and from ([1]), = 

r 

for z = t + 1, • • • , r. So, m(M)j = Yl m(Vi)Qii = 0. 

i=t+l 

(ii) From (2) and QJ = for z = i + 1, • • • , r, 

r i 

/(M)j = = X^/teW 

i=i i=i 

Since /(M)j = 0, f{fii)Qd = 0. For £; = 1, 2, we have f(Vi)Qd) = 

i=l i=l 

fMQki = 0. So, /(//*.) = for k = 1,2, . . . ,t and m(x)|/(x). □ 
A number a is an algebraic integer if there is a monic polynomial f(x) 

with integral coefficients such that f(a) = 0. 

Lemma 3( [133 )• a G Q is an algebraic integer if and only if a is an 

integer. 

Lemma 4( [13J). If a and /3 are algebraic integers, then a ± /3 and a/? 
are also algebraic integers. 

Theorem 5. Let G be non-regular, then G has exactly two main signless 
Laplacian eigenvalues Hi and if an d only if (Q — fi\I){Q — — 0. 

Proof. Let fii, . . . , fi t be the main eigenvalues of Q, and m(x) = (x — 
Mi) ---{x- fit)- 
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If (Q - fj.iI)(Q - £t 2 -Oj = 0, then f(Q)j = for f(x) = (x - ^{x - fi 2 ), 
and m(x)\f(x) by Lemma 2. So, m(x) — (x — (ii)(x — /i 2 ) or (x — fii) or 
(x — /i 2 ), and t < 2. But G is non-regular, t — 2 from Theorem 1. 

If G has exactly two main signless Laplacian eigenvalues \i\ and fj,2, then 
(Q — fi\I)(Q — //2-Oj = from Lemma 2. □ 

In the following, we give an alternative characterization of graphs with 
exactly two main signless Laplacian eigenvalues. 

In order to find all graphs with exactly two main eigenvalues, Hou and 
Tian [5J introduced a 2-walk (a, 6)-linear graph. For a graph G, the degree of 
vertex v is denoted by d(v), the number of walks of length 2 of G starting at 
v is s(v) = Yl d(u), i.e., the sum of the degrees of the vertices adjacent 

uGN G (v) 

to v, where Ng{v) is the set of all neighbors of v in G. A graph G is called 
2-walk (a, 6)-linear if there exist unique integer numbers a, b with a 2 — 46 > 
such that s(v) = ad(v)+b holds for every vertex v G V(G). Hagos [3] showed 
that a graph G has exactly two main eigenvalues if and only if G is 2-walk 
linear. 

Like a 2-walk (a, 6)-linear graph, we definite a 2-walk (a, 6)-parabolic 
graph. A graph G is called 2-walk (a, 6)-parabolic if there are uniquely a 
positive integer a and a non-negative integer b with a 2 — 8b > such that 
s(v) = —d 2 (v) + ad(v) — b holds for every vertex v G V(G). 

Theorem 6. A graph G has exactly two main signless Laplacian eigen- 
values if and only if G is a 2-walk (a, 6)-parabolic graph. 

Proof. If G is a 2-walk (a, 6)-parabolic graph, then there are uniquely 
a positive integer a and a non-negative integer b such that a 2 — 86 > 
and s(v) = —d 2 {y) + ad(v) — 6 for any i> G V(G) = {fi, f2, • ' • ,^n}- So, 
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s(vi) + d 2 {yi) — adiyi) + 6 = 0, and 

^(A + D) 2 i-aAi + bj = 

ig 2 j - iaL + j + 6j = 
Q 2 j - aQj + 26j = 

Let /(x) = x 2 — ax + 26, then /(Q)j = 0, and f(x) = has two real 
roots since a 2 — 8b > 0. And G is non-regular since one has s(v) = —d 2 (v) + 
2kd(v) — and s(v) = —d 2 (v) + (2k + l)d(v) — k for a A;-regular graph, i.e., 
(a, 6) = (2k, 0) or (2/c + 1, k) is not unique. From Theorem 5, G has exactly 
two main signless Laplacian eigenvalues. 

On the other hand, if G has exactly two main signless Laplacian eigen- 
values /ii and /i 2 , then by Theorem 5, 

(Q 2 - + V2)Q + = o 

i.e., 

(D + A) 2 j - fa + fi 2 )(D + A)j + = 0. 

So, d 2 (v)+s(v)-(/j, 1 +Li 2 )d(v) + m f l = for all v G Let ^1+^2 = a and 

//1//2 = 26, then s(u) = — d 2 (t>) + arf(w) — 6, and a > 0, 6 > and a 2 — 86 > 
since /ii 7^ /i 2 are the eigenvalues of the positive semi-definite matrix Q. 
Note that G is non-regular by Theorem 1, there are u,v G V(G) such that 
7^ d(v). From s(u) = —d 2 (u) + ad(u) — 6 and s(v) = —d 2 (v) + ad(v) — 6, 
we have 

b = ^I^ rfW + <*(»)<*(») " <-(") (3) 
and a, 6 are rational numbers and unique. Because ^1,^2 are the roots of 
monic polynomial det(XI — Q) = with integral coefficients, are alge- 

braic integers. By Lemmas 3 and 4, a, 6 are integers. □ 



3 Trees with exactly two main signless Lapla- 
cian eigenvalues 

In this section, we will determine all trees with exactly two main signless 
Laplacian eigenvalues. 

Let G = (V, E) be a tree with n > 3 vertices and the maximum degree A. 
If G has exactly two main signless Laplacian eigenvalues, then from Theorem 
6, there exist uniquely a positive integer a and a non- negative integer b such 
that such that a 2 — 8b > and 

s( v ) = -d 2 (v) + ad(v) -b (4) 

for any v G V(G). 
Case 1. 6 = 0. 

Let vi E V with degree d(vi) = 1, and vi is its unique adjacent vertex. 
Then d{y<i) = s(vx) = — 1 + a by (jlj), and 

a = d(v 2 ) + 1 < A + 1 (5) 

Let v E V with degree d(vo) = A, then A = d(vo) < s(v ) = —d 2 (v ) + 
ad(vo) = —A 2 + a A, and A < a — 1, i.e., 

a > A + 1 (6) 

with equality if and only if G is a star with the center vq. From (j^J) and (151), 
we have a = A + 1. So, G = is a star. 
Case 2. b = 1. 

Let Pfc = ^1^2 • • . u*. is a longest path of G. Then d(i>2) = s(fi) = — 1 + 
a — 1 = a — 2 by (j4j), and 

s(i>2) = -^ 2 ( v 2) + arf(w 2 ) - 1 

= -(a- 2f + a(a- 2) - 1 
= 2a -5 
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Since Pk = V\V 2 ■ ■ -Vk is a longest path of G, the adjacent vertices of v% are 
pendant vertices except v 3 . So, s(v 2 ) = Yl d(v) = d(v 3 ) + d{v 2 ) — 1 and 

v£Nq(v2) 

d(v 3 ) = s(v 2 ) - d(v 2 ) + 1 

= (2a- 5) - (a - 2) + 1 
= a — 2 = d(i> 2 ) 

By (j3J), we have 5(^3) = s(i>2) = 2a — 5 = d(v 2 ) + ^(^3) — 1. This shows that 
the adjacent vertices of v% are pendant vertices except v 2 . So, G = S% t * is a 
double star. 

Case 3. b > 2. 

Let Pk = v\V2---Vk is a longest path of G, then d(i> 2 ) > 2. By (jl]), 
d(i>2) = s(vx) = — 1 + a — b, and a — b > 3. 

Since Pk = v\v 2 ■ ■ - Vk is a longest path of G, the adjacent vertices of v 2 
are pendant vertices except i> 3 . 

d(v 3 ) = s(v 2 ) - (d(v 2 ) - 1) 

= (-(a - b - l) 2 + a(a - 6 - 1) - 6) - (d(« 2 ) - 1) 
= (-(a - b - l) 2 + a(a - b - 1) - 6) - (a - 6 - 2) 
= ab - b 2 - 2b + 1 

and d(u 3 ) - d(v 2 ) = (ab - ft 2 - 26 + 1) - (a - b - 1) 

= a6-6 2 -6-a + 2 
= (6-l)(o-6-2) >0 

So, d(v 3 ) > d{y 2 ) = a — b — 1 > 2. And no pendant vertex is adjacent to t> 3 ; 
Otherwise, let u be a pendant vertex adjacent to v 3 . Then d^) = s(u) = 
— 1 + a — 6 by fll]), contradicting with d(i>3) > a — b — 1. 
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For any x G N G (v 3 )\{v 2 ,V4}, since x is not a pendant vertex, there is 
y G V(G)\{v 3 } such that xy G E(G), and y is a pendant vertex by the 
longest path P k = Viv 2 . . .Vk- Then 

= s(y) = -1 + a - b = d(v 2 ), Vx G A^ G (v 3 )\{w 2 , M 

So, 

z£N G (v 3 ) xeN G (v 3 )\{v 2 ,v 4 } 

= (d(v 3 ) - 2)d(v 2 ) + d(v 2 ) + d(v 4 ) 
and d(v±) = s(v 3 ) — (d(v 3 ) — l)d{y 2 ) 

By flU), s(v 3 ) = -d 2 (v 3 ) + ad(v 3 ) - 6. Note that d(v 2 ) = a - b - 1 and 
d(ujj) = ab- b 2 - 26 + 1, 

d(v 4 ) = -d 2 (v 3 ) + ad(v 3 ) -b - (d(v 3 ) - l)d(v 2 ) 
= d(v 3 )(-d(v 3 ) + a - d(v 2 )) - b + d(v 2 ) 
= d(v 3 )(-ab + b 2 + 36) + a - 2b - 1 
= d(v 3 )b(b - a + 3) + (a - 26 - 1) 

If a - 6 = 3, then d(v 4 ) = a-26-l = 2- 6<0;Ifa-6>4, then 
d(v 4 ) = rf(v 3 )6(6 - a + 4) - 6d(v 3 ) + (a - 26 - 1) < -6d(«a) + (a - 26 - 1) = 
-6(a6 - 6 2 - 26 + 1) + (a - 26 - 1) = -a(6 2 - 1) + 6 3 + 26 2 - 36 - 1 < 
-(6 + 4)(6 2 - 1) + 6 3 + 26 2 - 36 - 1 = -26 2 - 26 + 3 < 0. This is impossible. 

On the other hand, it is easy to check that G = S n and G = are 
2-walk (n, 0)-parabolic graph and (| + 2, l)-parabolic graph, respectively. 

From above, we have 

Theorem 7. A tree with n > 3 vertices has exactly two main signless 
Laplacian eigenvalues if and only if G is the star S n or the double star S& t n. 
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It was showed in [I] that the trees with n > 3 vertices has exactly two 
main eigenvalues (of adjacent matrix) £1X6 S n ^ S 11 21 and T a . But from Theo- 
rem 7, we know that T a is not a tree with exactly two main signless Laplacian 
eigenvalues, where T a (a > 2) is defined in [4] to be the tree with one vertex 
v of degree a 2 — a + 1 while every neighbor of v has degree a and all remaining 
vertices are pendant. 

4 Unicyclic graphs with exactly two main sign- 
less Laplacian eigenvalues 

In this section, we will determine all unicyclic graphs with exactly two 
main signless Laplacian eigenvalues. 

The unique unicyclic graph with n vertices and the minimum degree 5 > 2 
is the cycle C n , and it is regular. By Theorem 1, it has exactly one main 
signless Laplacian eigenvalues. So, we only need to consider the unicyclic 
graphs with the minimum degree 5 = 1. 

Remark 1. If G is a 2-walk (a, 6)-parabolic graph with 5(G) = 1, then 
a — b > 3 since there is a pendent vertex x with the only incident edge xy in 
G and d(y) = s(x) = — 1 + a — b > 2. 

Let = {G : G is a 2-walk (a, b)— parabolic unicyclic graph with 5(G) = 
1}, and for each G G Q a ,bi let Gq be the graph obtained from G by deleting 
all pendant vertices. If v e V(G ), we use dc (v) to denote the degree of the 
vertex v in Gq. 

Lemma 8. If G & ^ a ,b and v G V(G ), then d(v) = d Go (v) or d(v) = 
a-b-1. 

Proof. If there is a pendant x adjacent to v in G, then d(v) = s(x) = 
a - b - 1 by (@|. Otherwise, d(v) = d Go (v). □ 
Lemma 9. If G G % >b , then (i) 5(G Q ) > 2; (ii) a - b > 4 and a > 5. 
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Proof, (i) If 5 (Gq) = 1, then there is y G V(G ) such that dc (y) = 1, 
and there must exist a pendant vertex x adjacent to y in G. By (J3j), d(y) = 
= — 1 + a — o, this shows that there are a — b—2 pendant vertices adjacent 
to y in G. Let z be the unique non-pendant vertex adjacent to y in G, then 
= d(w) = d(z) + (a-b-2). By (0}, we know 

s(y) = ~d 2 (y) + od(y) - b 

= -(a - b - l) 2 + a(a - b - 1) - b 

and d(z) = s(y) - (a - 6 - 2) = -(a - 6 - l) 2 + a(a - b - 1) - b - (a - b - 2), 

i.e., d(s) = a6-6 2 -25+l (7) 

So, 

d(z) - d(y) = (ab - b 2 - 26 + 1) - (a - b - 1) = (b - l)(a - b - 2) (8) 

(I) If b = 0, then by (J7|), d(z) = 1. This is impossible since z is a non- 
pendant vertex adjacent to y in G. 

(II) If b = 1, then by Q and ©, = a - 2 and = d(z) = a - 2. 
From gD, s(z) = -(a-2) 2 + a(a-2) - 1 = 2a -5 = d(y)+d(z)-l. This 

shows that all the vertices adjacent to z, except y, are pendant vertices. So, 
G is a double star with the centers z and y. This is impossible since G G 

(III) If 6 > 2, then no pendant vertex is adjacent to z in G; Otherwise, 
d(z) = s(u) = — 1 + a — b >2, where u is a pendant vertex is adjacent to z. 
This implies that d(z) = d(y) and a — b > 3, contradicting with dBJ). 
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By (HJ, we have s(z) = -d 2 (z) + ad(z) - b. And 

weN G {z) w£N Gq (z) 

= d(y) + d H 
^eiv Go (z)\{j/} 

>d(y) + 2(d(z)-l) 

= a-b- l + 2(d(z) - 1) 

So, -d 2 (z) + ad(z) - 6>o-6-l + 2(d(z) - 1) 

d 2 (z) - (a - 2)d{z) + a - 3 < 

and 

1 < d(z) < a - 3 

By (JZD, a& - b 2 - 2b + 1 < a - 3, i.e., 6 2 + (2 - a) 6 + a - 4 > 0. Then 

b< (a-2)- y/(a-4) 2 + 4 Qr fc> (a - 2) + y/(a - 4) 2 + 4 
2 or _ 2 

From Theorem 6, a 2 > 8b > 16, i.e., a > 4, and ^h^Ejg+j < 

2 < d( y ) = a-6-1 < ,-^1^-! = -V 7 ^^, 

We have a — 4 > \/ (a — 4) 2 + 4. This is impossible. 
Summarizing (I)- (III) above, we have 5 (Go) > 2. 

(ii) Because G G @ a ,b, 8(G) — 1- There is a pendent vertex x and the 
only edge xy incident with x in G. d(y) = s(x) = a — b — 1 by fll]). From (i), 
d(y) > d Go (y) + 1 > <J(G ) + 1 > 3. So, a - 6 > 4. 
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Since 



s(y) = d(y) - d Go (y) + d(w) 



w€N Go (y) 



> d(y)-d Go {y) + 2d Go (y) 



> a- b- 1 + 2 



a-b + 1 



by ([3D, we have 



a 



> 




: \-a-b>a-b>4. 

a-b-2 



+ (o-6-l) + l 



So, a > 5 since a is a integer from Theorem 6. 



□ 



In the following, we determine all unicyclic graphs with exactly two main 
signless Laplacian eigenvalues. 

Let G\ be the unicyclic graph with n vertices obtained by attaching k > 1 
pendant vertices to each vertex of a cycle with length r, where n = (k+l)r. It 
was showed in [5] that G\ is the only connected graph with exactly two main 
eigenvalue (of adjacent matrix). G2 is the unicyclic graph with n vertices 
obtained from the cycle U1U2 ■ ■ ■ u^t by attaching one pendant vertices to the 
vertex -u 3s+ i for s — 0, 1, • • • , t — 1, where n = 4t (see Figure 1). 

Theorem 10. Let G be a unicyclic graphs with n vertices different from 
the cycle C n . G has exactly two main signless Laplacian eigenvalues if and 
only if G is isomorphic to one of graphs G\ and G2, both given in Figure 1. 

Proof. First, it is easy to check that G\ is a 2-walk (k + 5, 2)-parabolic 
graph and G2 is a 2-walk (5, l)-parabolic graph. 

Next, because G G & a ,b is unicyclic, Go is a cycle from Lemma 9. Let 
Go = C r = U\U2 . . . u r ui, then d{ui) G {dc (ui), a — b — 1} = {2, a — b — 1} 
from Lemma 8, where 1 < i < r. 
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(i) If d(ui) = d(u 2 ) = ■ ■ ■ = d(u r ) = a — b — 1, then iij has k = a — b — 3 
pendant vertices for 1 < i < r. So, G = G\. 

(ii) If there is iij £ V(G ) such that d{ui) = 2 for some i £ {1, 2, ■ ■ • , r}, 
then by (0J, we have 

d(ui-i) + d(u i+ i) = s(ui) = -d 2 (ui) + ad(ui) - b = -4 + 2a - b (9) 

Without loss of generality, we assume that d(ui + \) > d(ui-\). From Lemma 
9 (ii) , d{ui^i) + d{ui + \) = s(ui) = (a — b — 4) + a > 5. Since d(u^i), d{ui + \) £ 
{dc (ui), a — b — 1} = {2, a — b — 1}, we have d{ui + i) = d{ui-\) = a — b — 1, 
or d(ui + i) = a — b — 1 and d(ui~\) = 2. 

If d(u i+ i) = d(ui-x) = a - b - 1, then 6 = 2 by ©. From (0}, s(ui_i) = 
-(a - 6 - l) 2 + a(a - b - 1) - b = 3a - 11. And 

s(wi_i) = d(ui- 2 ) + d(ui) + (d(ui-i) - d Go (ui-i)) 

i.e., d(ui^ 2 ) = s(ui-i) — d(ui) — d(ui-i) + daoiui-i) = (3a- 11) - 2- (a- 6 - 
1) + 2 = 2a — 8. From Lemma 8, d(-Uj_ 2 ) = 2a — 8 £ {a — b — 1, (^(w^)} — 
{a — 3, 2}. We have a = 5, and a — 6 = 3 < 4, contradicting with Lemma 
9(h). 

If d{u i+ i) = a — b — 1 and d(wj-i) = 2, then a = 5 from (jUJ). By (j3J, 
= -(a - 6 - l) 2 + a(a - 6 - 1) - b = 4 + 2b - 6 2 . And 

s(wj+i) = d(w i+2 ) + d(ui) + - 2) 

i.e., d(u i+2 ) = s(u i+1 )-d(ui)-d(ui +l ) + 2 = (4 + 26-6 2 )-2-(a-6-l) + 2 = 
3b — b 2 . From Lemma 8, d(ui +2 ) = 36 — b 2 £ {a — b—1, da (^-2)} — {4 — 6, 2}. 
We have b = 1 or b = 2. And a — b > 4 from Lemma 9. So, 6=1 and 
d(w m ) = 3, d(u i+2 ) = 2. 
By (j4j) again, 
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d(u i+3 ) + d{u i+1 ) = s(u i+2 ) = -d 2 (u i+2 ) + 5d(u i+2 )-l = 5, and d(u i+3 ) = 
5 - d(u i+1 ) = 2; 

d{u i+i ) + d(u i+2 ) = s(u i+3 ) = -d 2 (u i+3 ) + 5d(u i+3 )-l = 5, and d(u i+4 ) = 
5 - d(u i+2 ) = 3; 

d(u i+5 ) + d(u i+3 ) + 1 = s(u i+i ) = -d 2 (u i+4 ) + hd(u i+i ) -1 = 5, and 
d(u i+5 ) = 5 - d(u i+3 ) -1 = 2. 
Continuing like this, we have 

, f 2 , k - i = 0,2(mod3); 

~ \ 3, k-i = l(modZ) ' 

So, r = 0(mod3) and G = G 2 . □ 
The results on main sigenless Laplacian eigenvalues presented in Section 
2 are useful to the problem of characterizing graphs with a given number of 
main sigenless Laplacian eigenvalues. And Theorems 7 and 10 show that the 
set of graphs with a given number of main sigenless Laplacian eigenvalues is 
not identical with the set of graphs a given number of main eigenvalues (of 
adjacent matrix). 
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